Abstract. We analyze numerically the behaviour of the solutions corresponding to an Abelian cosmic string taking into account an extension of the Starobinsky model, where the action of general relativity is replaced by f (R) = R − 2Λ + ηR 2 + ρR m , with m > 2. As an interesting result, we find that the angular deficit which characterizes the cosmic string decreases as the parameters η and ρ increase. We also find that the cosmic horizon due to the presence of a cosmological constant is affected in such a way that it can grows or shrinks, depending on the vacuum expectation value of the scalar field and on the value of the cosmological constant
Introduction
The interest in the Starobinsky model for inflation [1] has been revived, since it appears to be consistent with current cosmological data obtained by the Planck satelite [2] . The original model can be recast as an f (R) theory of gravity, where f (R) = R + ηR 2 . Another important feature of the Starobinsky model is linked with renormalizability, since the renormalizability of this theory appears to be improved when compared to Einstein's gravity [3] . Also, in both supergravity and superstring theories, polynomial corrections to the Einstein-Hilbert action are expected to appear, and so the Starobinsky model can be seen as the first-order correction of a more general effective theory.
Among the many proposals to extend Einstein's gravity, the so-called f (R) theories have deserved some attention also due to the fact that they can model the observed acceleration of the universe without an ad hoc cosmological constant [for a review, see [4] ]. In this context, the Starobinsky model is probably the most natural extension to the Einstein-Hilbert action as an f (R) theory. Thus, it is natural to wonder how a more generic polynomial for f (R), such as f (R) = R + ηR 2 + ρR m , m > 2, will differ from the Starobinsky model. Inflationary results based on such extended Starobinsky models have been recently studied in [5, 6] . Our aim is to study these extended models for cosmic strings.
One of the motivations for the inflationary theory was to explain the current density (or absence) of magnetic monopoles, a heavy and stable particle predicted to be generated at the early universe by mostly Grand Unified Theories (GUTs). Magnetic monopoles are a particular example of a topological defect, a stable solution of classical fields where their stability is provided by topological arguments related to the vacuum manifold. Another example of a topological defect is a comic string (For a review, [7, 8] ), an axially symmetric relic from phase-transitions ocurred at the early universe.
If we believe that an effective theory will replace Einstein's gravity, it is natural to study the formation and behaviour of topological defects in the context of it. Despite the fact that the gravitational field far away from the cosmic string is null, it generates an angular deficit that can, in principle, be observed by their astrophysical (and gravitational) effects [9] . Until the present moment, no evidence of the existence of cosmic strings has been obtained. As the angular deficit generated by the cosmic string is proportional to the scale of symmetry breaking (the Vacuum Expected Value or VeV), the failure to detect such angular deficit constraints the possible range for the values of the VeV. In [10] one of us has shown that the Starobinsky model of gravity allows a larger range of values for the VeV than Einstein's gravity, and then the Starobinsky model can be a possible explanation of why we have not observed any evidence of such angular deficit yet.
In this paper we will study the same Abelian Higgs model for cosmic strings considered in [10] , but now in a more general polynomial f (R) theory. Axially symmetric solutions of more general f (R) theories of gravity have been studied in [11] [12] [13] [14] , but the results were obtained mainly for generic f (R) functions, or the equations were solved for a fixed energy-momentum tensor. To study the behaviour of the angular deficit and the cosmic horizon as functions of the parameters of the theory, in a dynamical HiggsMaxwell-Gravity environment, it is necessary to perform a numerical computation. This is done in the present paper.
One major difference between Starobinsky and extended Starobinsky models are the fact that the former cannot generate or modify a cosmological constant term, but the latter can. We claim that these models should play a fundamental role in the strong curvature regime, such as near compact objects or in the primordial universe era, where it is expected that cosmic strings were generated during some phase transition. This result is independent of the gravitational theory considered.
The string model we will use was first introduced by Nielsen and Olesen in 1973 as a field-theoretical model to mimic the features of the Nambu-Goto string, at the time a strong candidate to explain Hadronic physics [15] . The gravitational effects of this Abelian Higgs comic string were first analytically studied in [16] for an idealized cosmic string, and numerically in [17] . In the later, the Einstein-Maxwell-Higgs equations were solved together, as it should be. Since the coupled equations are highly non-linear, they must be solved numerically. A complete classification of the string-like solutions in Einstein's gravity can be found in [18] , and the same cosmic string in the Starobinsky model has been studied in [10] . Our main goal in this paper is to extend these previous results for a polynomial f (R) theory.
This paper in organized in the following manner. In section 2 we will present our model and the field equations to be solved, and in the following sections they will be solved numerically: In section 3 we will study the asymptotically flat case, and in section 4 we will deal with the asymptotically de Sitter case. Finally, in section 4 we will present the conclusions.
The Model
The action for the gravitating Abelian Higgs system in this extended Starobinsky model is given by
where f (R) = R − 2Λ + ηR 2 + ρR m , with m ≥ 3. As usual, F µν is the Abelian field strength, Φ is a complex scalar field with vacuum expectation value ν, D µ = ∇ µ − ieA µ is the gauge covariant derivative and Λ is the cosmological constant. We are using units were c = = 1. If the parameters η and ρ are null, the above action reduces to the Abelian Higgs model in Einstein's gravity with cosmological constant [19] Because of the cylindrical symmetry of the source, and due to the symmetry under boosts along the string axis, we will consider the line element
and the usual Nielsen-Olesen ansatz given by [15] Φ(r) = νf (r)e iφ (3)
We chose this ansatz so that the matter fields reach their vacuum expectation values at infinity when we impose the boundary conditions [15] . If we vary the above action with respect to the scalar and gauge fields, respectively, we obtain the following set of field equations
where the symbol ( ) means derivative with respect to the radial coordinate. The energy-momentum tensor for the matter fields is given by
, so that its components are
The gravitational field equations are obtained varying the action with respect to the metric g µν , and are given by
where
g µν R and κ 2 = 8πG. This is a set of three non-zero independent fourth-order differential equations, but to avoid dealing with fourth-order differential equations we will consider the Ricci scalar as an independent field. Taking the trace of the above equations we find
First, let us point out that Eq. (10) tells us that the Ricci scalar obeys a differential equation instead of a purely algebraic one, as occurs in general relativity. We can get some information considering a region far away from the string. Assuming that T = 0 and the cosmological constant vanishes, a constant curvature solution is given by
which means that we can, in principle, obtain a constant non-zero solution for the scalar curvature R, if m ≥ 3. This constant, however, will be proportional to the inverse of ρ. Therefore, a small ρ will result in a large R. To be able to work with a small cosmological constant, we will insert the Λ parameter. For m = 2, the unique solution is the asymptotically flat case. Inserting Eq. (10) into Eq. (9), we get
. (12) Before we deal with the components of the above differential equations, we should redefine some variables as well as field, in such a way that all parameters are dimensionless. To achieve this goal we will express all lengths in terms of the scalar characteristic length scale given by 1/ √ λν 2 . We will change our radial coordinate to a dimensionless coordinate x = √ λν 2 r, together with the field redefinitions
Thus, we can write the field equations as
for the matter fields and
for the metric functions, where the primes ( ) in the above equations mean derivatives with respect to the new coordinate x. Equations (13) and (14) give us the dynamics of the matter fields, while Eqs (15) to (17) give us the behaviour of the metric fields as well as of the Ricci scalar field. We must also impose the boundary conditions for all functions. As mentioned, in order to get string-like solutions the matter fields should reach their vacuum expectation values asymptotically. We must then impose the following boundary conditions
where infinity should be understood as a limit. The boundary conditions at the origin are necessary to have regular fields. On the other hand, the boundary conditions for the metric functions are given by
which were imposed to guarantee the regularity of the metric. We must now impose the boundary conditions for the Ricci scalar field. We are looking for asymptotically constant Ricci spacetime, such as (anti-)de Sitter or Minkowski. Then, we will impose the following boundary conditions
where R c is a constant. In this case, we have two kinds of solutions. The first one is R c = 0, as long as we also impose Λ = 0. This branch, which is asymptotically flat, will be studied in Section 3. The second branch is given by R c as a solution of Eq. (11) with a cosmological constant. Considering a small value for Λ, we can write the constant Ricci scalar as R c = 4Λ + , since ρR values of ρ). Introducing this ansatz in Eq. (11) and neglecting second-order terms in , we have
which gives us the boundary condition
We now have to solve a four parameter set of five differential equations with boundary conditions. As we can see, these equations are highly non-linear and will be solved numerically. The behaviour of such string was already studied in general relativity without a cosmological constant [17] , with a cosmological constant [19] and in the Starobinsky model of gravity [10] . Our aim is to enlarge this study including more terms on a polynomial expansion with a cosmological constant.
The conical geometry
In an asymptotically flat spacetime, the geometry induced by the cosmic string far away from its core is a flat conical geometry. Asymptotically, the metric functions are given by
where a, b and c are constants depending on α, γ and any other gravitational parameters. In our model, there are two parameters, namely ξ and χ. In the absence of any source it is expected that a = 1, b = 1 and c = 0. The parameter α is proportional to the relation between the scalar and gauge masses, and does not strongly influences the asymptotically angular deficit. It is the parameter γ that considerably affects the space-time topology. In fact, if we fix α, ξ and χ, as we vary γ we are in a way increasing the coupling between the matter fields and the gravitational field. As mentioned, the string-like solution gives rise to a planar deficit angle that can be expressed as
where L (∞) is inversely proportional to γ. It is worth calling attention to the fact that we can increase γ until ∆ reaches 2π, which means that L (∞) = 0. This value is called critical γ, γ cr , and for γ > γ cr the spacetime is not globally well-defined in some models. Let us remember that γ is directly related to the scale of the symmetry breaking. We can then use γ cr as a kind of constraint on the maximum scale for the occurrence of it. In a real world scenario, we should expect only a small value for the angular deficit to be allowed, otherwise its effects should already be noted. To deal with critical values, however, is useful for a better understanding of the properties of the theory.
In general relativity, which are given by ξ = 0, we can find the critical values for γ as a function of α [22] , γ cr (1.0) ≈ 1.66, γ cr (3.0) ≈ 2.2, and so on.
In [10] , one of us studied how this model is affected as we increase ξ. The obtained result tell us that, for a fixed set of (α, γ), as ξ gets bigger, the angular deficit becomes smaller. This means that the Starobinsky model of gravity allows a large range for the values of the symmetry-breaking scale (or VeV). The angular deficit generated by a large VeV will result, in the Starobinsky model of gravity, in a smaller angular deficit than in general relativity. We can conclude that the failure to observe a conical geometry can be due to corrections on general relativity other than due to a small VeV.
Our aim in the next two sections is to study how these results change as we extend the Starobinsky model, including more terms in a polynomial expansion.
The cosmological horizon
The inclusion of a cosmological constant in the gravitational equations gives rise to a cosmological horizon, beyond which all events are not causally connected. In an axially symmetric space-time in vacuum, the horizon can be obtained by the line element (2) with the metric functions given by
and
This solution can be seen as the space-time generated by the cosmic string when γ = 0. In this regime, the matter fields decouple from the gravitational fields. The cosmological horizon is then given by the first zero of N (x), which means x ch = π/ √ 3Λ. In general relativity, as we increase γ, the value of x ch decreases. We will study how this result changes as we move from general relativity to the extended Starobinsky model.
Asymptotically flat spacetime
We have used a finite difference Newton-Raphson algorithm with adaptive grid scheme [20] [21] to construct the solutions numerically. Our estimated errors range from 10 −8 to 10 −12 , sometimes even better. The limit ξ → 0, χ → 0 corresponds to general relativity, but we cannot use both ξ = 0 and χ = 0 in our analysis because the equations are not well defined at these values. The reason is that, in Einstein's gravity, the Ricci scalar obeys an algebraic relation with the energy-momentum tensor, not a differential equation. In [10] it has been shown that, for χ = 0, the angular deficit decreases as the parameter ξ increases. From Eq. (27) we see that the angular deficit is null for L (∞) = 1 and reaches 2π for L (∞) = 0. This means that we can measure the angular deficit by the inclination of the L(x) metric function. In Figure ( The plots compare these functions with the metric function in general relativity. It can be seen that, as the power of the polynomial increases, the correction relative to general relativity becomes smaller. We are led to expect that, for m → ∞, the model approaches general relativity.
Since we expect that any well-behaved f (R) theory can be expanded in a power series, we are led to expect that only the first few terms in the power series have some relevance. This claim can be avoided if, for some reason, the coefficients in the series increase exponentially as we increase the power m of the polynomial. However, we see no reason for this behaviour.
The metric function N (x) is also ploted in Figure (1) . It also approaches general relativity as we increase the polynomial power m. For an asymptotically flat space-time, this N (x) function do not significantly influences the angular deficit, but do influences the energy of the string.
In Figure ( 2) it is plotted how the angular deficit changes as we vary ξ and χ. As we have two parameters, each individual plot was calculated for a fixed value for ξ. To see the effect of the extended Starobinsky model, we then vary the parameter χ from 0.001 to 1000. This procedure was done for m = 3 and m = 4 and it is expected that a similar behaviour would be obtained for m > 4. The six plots, from the left upper one to the bottom right, were calculated for ξ = 0.001, 0.01, 0.1, 1, 10 and 100, respectivelly. The obtained result is that the angular deficit become smaller as we increase both ξ and χ, but the effect of "shrinking" the angular deficit is more effective as lower the value of the power m. This means that the pure Starobinsky term R 2 is the leading-order term. For ξ = 100 and χ = 0, the angular deficit is about 0.39. But for ξ = 0.01 and This means that, as we move from the Starobinsky model to the extended Starobinsky model, the angular deficit continues to shrink, but the correction becomes less and less relevant as we increase the power m of the polynomial. In the left bottom plot (ξ = 10), it is possible to see that even for χ = 1000, the m = 4 polynomial term do not affects anymore the angular deficit, and the m = 3 polynomial term barely affects it.
The same results can be seen in Figure ( 3). These fours plots measure how the critical γ change as we vary both ξ and χ. Let us remember that γ cr is the value when L(∞) → 0, which means that the angular deficit reaches 2π and this can be considered as an upper bound for the value for γ. From the upper left plot to the right, we have, respectively, ξ = 0.001, 0.1, 1 and 10. Since γ cr is an upper bound, all the values below the lines are acceptable values for γ. As γ is related to the scale of the symmetry breaking, it is an upper bound on the acceptable values for the VeV. What we can see in Figure ( 3) is that, as we increase both ξ and χ the upper bound increases, and this is more evident for m = 3 than for m = 4. In fact, it increases more for the Starobinsky model, since it corresponds to m = 2. In a real world scenario, we do not expect γ cr to be the upper constraint on the scale of symmetry breaking, but the pattern will be the same. In [10] it was already been shown that the Starobinsky model allows the scalar field to assume a VeV larger than it would be possible in Einstein's gravity, assuming observational constraints. What has been shown in this section is that the extended Starobinsky increases this effect, but in a less extend than the original Starobinsky model. For a value close to unity for the parameter χ, only the first terms in a power series will contribute to the upper bound on γ cr .
The way the matter fields are affected in the Starobinsky model of gravity was also already studied in [10] . It has been shown that the matter preserves its string-like structure and their shape is just slightly changed. The same occurs in this extended Starobinsky model, and we will just concern with the energy of the string, since it can be responsible for gravitational effects. We will follow [22] and define the energy (mass per unit length) as
With this definition, energy and angular deficit for several values for ξ and χ were calculated. The results for m = 3 and m = 4 are given in Tables 1 and 2 , respectivelly.
Asymptotically de Sitter space
In an asymptotically de Sitter space, the question that will concern us is the location of the cosmic horizon. We must study the original Starobinsky model and its extended version separately, since the former gives rise to a cosmological constant term, and the latter does not. As we will see, this difference will characterize how the cosmic horizon, denoted by x ch , change as we increase the parameters ξ and χ, related to the gravitational theory. In general relativity with a cosmological constant term, the cosmic horizon is a function of the parameters γ and Λ. It become smaller as both parameters increases.
f (R) = R + ξR 2
To study the cosmic horizon, x ch , we must consider the metric function N (x), since x ch is given by the first zero of N (x). We worked out the field equations for several sets of parameters, and in Figure 4 it is plotted six of those.
On the top left, the N (x) function is plotted for γ = 0 and several values of the parameter ξ. Since no difference can be observed, we can conclude that x ch is the same for general relativity and in the Starobinsky model, as long as we stay in vacuum. We will denote this cosmic horizon in vacuum by x 0 ch . In the following plots, we can note that x ch become smaller as γ gets bigger. This same feature can be observed in general relativity, and the critical difference to the Starobinsky model appears as the parameter ξ increases: The metric N (x) function approaches the same profile as in the vacuum case, and x ch → x 0 ch . The correction to general relativity acts to decrease the influence of the matter fields on the geometry and do not backreact on this aspect of the geometry. As long as ξ achieves some minimal value, any value for the parameter γ will result in the same cosmic horizon. The graphs in Figure (4) just reproduces the same behaviour.
f (R) =
For the extended Starobinsky model we studied in details only the R 3 term in the power series, but it is expected the same qualitative behaviour for the whole power series. This case is not so trivial as the original Starobinsky model, since the R 3 term of the action alter the cosmological constant term, and so influences on the value of the cosmic horizon.
In Figure (5 ) is plotted six graphs for the metric N (x) function. The top left plot was calculated for γ = 0 and, differently from the pure Starobinsky term, the cosmic horizon is changed as we increase the value of the parameter χ. Let us remember that, asymptotically, the Ricci scalar is given
which means that the geometry will be stronger or, in other terms, that the cosmological constant will be bigger. As the value for x ch depends on the cosmological constant, it is natural that it changes according to the value of χ. The zero of N (x) indicates the cosmic horizon x ch . As the parameter χ grows, x ch can increase or decrease. It will decrease if the parameter γ is small, but will increase if γ is big.
The following two plots show a similar behaviour. As we increase the parameter χ, the cosmic horizon become smaller. However, the difference is more pronounced as γ → 0. In the fourth graph, the response of the metric function in respect to χ invert and the cosmic horizon starts to grow. The explanation for this inversion is in the fact that now we are dealing with two forces. As we increase the parameter χ, we are decreasing the effect of the matter fields in the geometry, just like in the original Starobinsky model, and the cosmic horizon will grow up. But now we are also increasing the value of the cosmological constant, and the effect will be to decrease the value of the cosmic horizon. The relation between this two different effects will be related mostly to the parameter γ. For low γ, the matter fields do no strongly influence the geometry, and the effect on the cosmological horizon will be predominant. The consequence is that the cosmic horizon will shrink. For a higher γ, the influence of the matter on the geometry is big, and the major effect of the correction term will be to diminish this influence. The consequence is that the cosmic horizon will grown.
It is expected that, for a large enough value for the parameter χ, the increase of the cosmological horizon will dominate over the diminishing of the coupling with the matter fields. The precise value where these transitions happens will also depend on the value of Λ, since the scalar curvature is proportional to it.
Conclusions
In this paper we have studied the Abelian Higgs cosmic string in the extended Starobinsky model of gravity, with and without a cosmological constant term. Such a model can be recast as an f (R) theory, where f (R) = (R − 2Λ) + ξR 2 + χR m . The parameters ξ and χ are adimensional, and general relativity is obtained when both goes to zero. The field equations were derived and solved numerically for several values of the parameters ξ, χ and Λ. We have worked out the powers m = 3, 4, 8 and 16, but our focus was the powers m = 3 and m = 4.
The obtained results were compared with the same system in general relativity. For the asymptotically flat case, our main interest was to study the behaviour of the angular deficit generated by the string, since its value can impose an upper constraint in the vacuum expected value for the scalar field. We found that the extended Starobinsky model allows a large upper bound than Einstein's gravity, since as we increase the parameter ξ, the angular deficit become smaller. However, the effect of these extra terms, R m , with m > 2, are not as strong as the R 2 term, and the effect decreases as we increase the value of m. We can then conclude that, for this particular regime, only the first terms in a power expansion are relevant in an effective theory of gravity.
For the asymptotically de Sitter case we also compared our obtained results with the ones obtained in general relativity [19] . Our interest was to study the cosmic horizon, since it can also impose an upper bound in the vacuum expectation value. For the original Starobinsky model, we have found that as we increase the value of the parameter ξ, the cosmic horizon size approaches the same value as in the vacuum case, where the cosmic string decouples from gravity. In a regime with a large parameter ξ, the value for the VeV in not relevant for the size of the cosmic horizon. For the extended Starobinsky model we have found another result. The main reason for this different behaviour is due to the fact that the R m term in the action, with m > 2 is able to affect the boundary condition for the scalar curvature. This can be seen as a modification on the cosmological constant. Because of this new effect, as we increase the parameter χ the cosmic horizon does change, but does not necessary approaches a non-singular asymptotically value. For a small VeV, the main effect of the extended Starobinsky model will be to decrease the cosmic horizon, since the contribution to enlarge the cosmological constant will dominate. For a large VeV, the main effect of the same model, at least for χ ≈ 10 3 , will be to increase the cosmic horizon, since the contribution to dilute the gravitational effect due to the cosmic string will dominate over the increasing in the cosmological constant.
In any case, if we believe that the extended Starobinsky model can represent an effective theory for gravity, the upper bounds on the vacuum expectation value for the scalar field due to the (possible) existence of cosmic string, should be relaxed when compared with what would be the same bounds in general relativity.
